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ON  THE  BENDING  AND  VIBRATION
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In calculating the energy we may regard it as due to the stretchings and contractions under tangential forces of the various infinitely thin laminae into which the shell may be divided. The middle lamina, being unstretched, makes no contribution. Of the other laminae, the stretching is in proportion to the distance from the middle surface, and the energy of stretching is therefore as the square of this distance. When the integration over the whole thickness of the shell is carried out, the result is accordingly proportional to the cube of the thickness.
The next step is to estimate more precisely the energy corresponding to a small element of area of a lamina. The general equations in three dimensions, as given in Thomson and Tait's Natural Philosophy, § 694, are
Me = P-a-(Q + R)>       Mf=Q-<r(R+P),       Mg = R - a- (P + Q), ...(10)
where                                         or = —— ..................................(11)*
2m                                             v   '
The energy w, corresponding to the unit of volume, is given by
2w = (m + n) (e2 +fz + </2) + 2 (m - n) (fg + ge + ef) + n (a2 H- &a + c2).     (12)
In the application to a lamina, supposed parallel to xy, we are to take 11 = 0,
8 = 0, T = 0; so that
n i -f
y         1-,
Thus in terms of the elongations e, f, parallel to x, y, and of the shear o, we get
We have now to express the elongations of the various laminsB of a shell when bent, and we will begin with the case where T = 0, that is, when the principal planes of curvature remain unchanged. It is evident that in this case the shear c vanishes, and we have to deal only with the elongations e and / parallel to the axes. In the section by the plane of zx, let s, s' denote corresponding infinitely small arcs of the middle surface and of a lamina distant h from it. If ty be the angle between the terminal normals, s = p^, s' •=(pi + h)ty, s' — s — h i/r. In the bending, which leaves s unchanged,
Hence
* Mis Young's modulus, <r is Poisson's ratio, n is the constant of rigidity, and (m-\ri) that of cubic compressibility.   In terms of Lam6's constants (X, /t),   m=........... (8)
